The problem of providing accurate recommended analytical Ðts for electron impact ionisation cross sections is discussed, and a number of approaches are considered on the sample case of neon and its ions. The previously known Ðts are being reassessed using complete experimental and theoretical data, with the preference for experiment, to avoid systematic shifts introduced by the present calculation methods. The feasibility of the standard BELI formula is investigated in detail, and a number of other analytical expressions is suggested, approximating single-ionization cross sections in the whole range of energies. The factors inÑuencing the accuracy of the Ðts and the physical meaning of the parameters obtained are discussed.
Introduction
Recent apparent reorientation of atomic physics from fundamental research to applied science and technological problems has put forward new requirements to the quality of atomic data supplied. Instead of selective study of atomic reactions with just a few atoms or ions in the parameter region suitable for calculation or experiment, one needs accurate enough values for the whole range of atomic systems and reaction parameters involved. The raw results obtained in atomic theory or experiment can rarely satisfy this requirement, being either too scarce or too scattered to serve as a solid base for industrial calculations. The only way to ensure sufficient reliability of atomic data in various applications is to represent the collection of available experimental and theoretical points with an approximate expression interpolating (or extrapolating) data into the void areas and smoothing the scatter in the well-explored regions. To provide such reference approximations the raw data must be assessed and Ðltered to achieve maximum consistence, within the current understanding of the physical mechanisms involved ; then, a Ðtting formula consistent with the gross physical properties of the process must be suggested and the parameters involved must be derived from the set of reference data thus compiled.
Modern trends in the development of atomic databases for scientiÐc and industrial applications generally involve the demand that any data bank might contain both raw data and various analytical approximations on the same footing, providing information on di †erent levels if requested. One of the most remarkable attempts in this direction has been the well-known ALADDIN project, providing the means of storing various analytical Ðts and ÈÈÈ ¤ E-mail : godunov=Ñy.triniti.troitsk.ru " E-mail : pjones=Ñy.triniti.troitsk.ru, ivanov=moscow.istc.ru retrieving atomic data from them in any parameter region as speciÐed in the query.
Neon and its ions are among the atomic systems most frequently encountered in science and engineering. So, a comprehensive collection of data on atomic reactions with Nen`may be of importance for numerous applications. That is why the compilation, evaluation and generation of comprehensive data on all the processes of Ne and its ions has been named among the priorities recommended by the IAEA Advisory Group Meeting in July 1995. The IAEA has suggested the co-ordination of the e †orts of di †erent working groups to cover as wide range of atomic reactions and their parameters as possible. This paper reports about the work of Troitsk Atomic Data Group (TADG) on compilation, expert evaluation and analytical approximation of available data on single ionisation of neutral neon and all its ions by electron impact. The neon sequence has been selected because of its being relatively well studied both experimentally and theoretically, so that the tests of various approximation techniques would be illustrative enough. Our main purpose was, along with providing new accurate Ðts for ionisation cross sections, to draw attention to the methodological aspects of analytically approximating the sets of incongruent data and the reliability of recommendations thus obtained. We concentrate e †orts on ionisation cross sections rather than ionisation rates, since cross sections are believed to be a fundamental atomic characteristic largely independent of the proÐle of the electron velocity distribution in plasma essentially inÑuencing corresponding ionisation rates. The relations between the analytical Ðts for cross sections and rates are to be discussed elsewhere.
Among a number of compilations of electron-impact ionisation cross sections and recommended analytical Ðts, one could distinguish the extensive collection of recommended data on electron-impact ionisation of many atoms and ions compiled in the QueenÏs University of Belfast, Northern Ireland [1, 2] . The latter work contains data on neon ions ; it will be referred to as [Belfast] in the following. In [Belfast] , the cross sections of single ionisation of Nenh ave been Ðtted by an analytical expression included in the ALADDIN standard under the name of the BELI form. In the following section, we discuss the technical issues of Ðtting the available ionisation data with the BELI formulae and the criteria for assessing the accuracy of the recommended Ðts ; this consideration, however, might as well apply to other Ðtting techniques. In the third section, we study the feasibility of the BELI Ðts for approximating the cross section of the ionisation of neutral neon by electron impact and suggest the procedure for selecting the optimal Ðt. The Ðtting coefficients recommended by [Belfast] have been recalculated to account for more data ; a systematic reassessment of the BELI Ðts for ions Nen`with n \ 1È9 is presented in the next section. The Ðfth section of this paper contains a brief discussion of other approximation formulae, including essentially non-linear Ðts. Throughout this paper, we gave preference to experimental results rather than theoretical calculations, for two reasons. First, the methods of calculating ionisation cross sections for many-electron systems are still lacking due accuracy, which results in obvious energy-dependent systematic errors, which are hard to account for in the Ðtting techniques. Second, for industrial applications as the Ðnal goal of the work, reproducing the experimentally observed dependencies is of more importance since it is these very dependencies that are likely to be observed in the industrial installations too.
Fitting techniques
The recommended cross sections of [Belfast] have been Ðtted by the so-called BELI formula :
where E is the energy of the incident electron, I is the ionisation potential, A and are the Ðtting coefficients. To B k account for the overall contribution of autoionising states, a di †erent set of the coefficients A and is used for the ener-B k gies E above the autoionisation region. The analytical representation of the cross sections in the autoionisation region requires a separate consideration and will not be considered here.
Formula (1) is consistent with the classical scaling law
assuming a universal (Z-independent) function as well p c (x), as with the asymptotic Bethe behaviour
at asymptotic energies [3] . The additional terms in (1) have been chosen to vanish at the threshold, and to add a 1/E shift at E ] O, mainly inÑuencing the form of cross section at intermediate energies.
The construction of recommended Ðts implies the following stages : 1. The expert assessment of available data and culling up the most reliable data to form a reference set.
2. Numerical Ðtting with a number of Ðtting formulae using one of the possible weighing strategies.
3. Analysing the results of Ðtting to select the optimal approximation, combining both accuracy and consistency.
Expert assessment cannot be clearly formalised, involving the analysis of the experimental techniques and theoretical methods used, the comparison of di †erent data sources and various scaling considerations.
There may be di †erent ways of Ðtting the points of the reference set to the formula (1) . The typical approach is to use the least square Ðt with a pre-deÐned weight function selecting the critical regions in energy. The asymptotic regions E D I and E ] O are usually considered as the most physically important, and the weights of data points in these regions are higher than for intermediate energies.
Chebyshev polynomials are quite popular as the weight functions for this problem. However, the medium-energy region cannot be considered as less important in technological applications, since the greater values of the cross-section in this region make its contribution into various integral characteristics of ionisation (e.g. ionisation rates) much greater than that of the asymptotic regions, where the cross section is relatively small. Also, the scatter of the reference data points is usually much greater near the maximum of the cross section, and one cannot judge about the overall accuracy of an analytical Ðt discarding this inherent discrepancies. Therefore, the uniform weight distribution assigning the same weights to all the data points in the reference set may be as admissible for constructing recommended Ðts as any non-uniform weighing, neither choice being preferable from the computational viewpoint.
The parameters A and I may either be derived from theory and experiment or treated as Ðtting parameters determined from the reference set along with the coefficients
In the latter case, one could expect that, if A and I were B k . initially set to their experimental values, the results of Ðtting might give small corrections compensating the systematic and statistical errors of the experiments used to construct the reference data set. The absence of such a regularity would indicate the inconsistency of the reference set or the approximation formula used.
The series-like form of the additional terms in (1) does not assume any actual convergence. There are no theoretical indications that the coefficients with higher k will be less B k than those with small k, and whether this will occur or not is to be numerically investigated.
The following factors should be considered when assessing the accuracy of the recommended Ðts :
1. the accuracy of experimental and theoretical methods used to obtain the reference data ;
2. the adequacy of the Ðtting model and the appropriate behaviour of the Ðtting curves ;
4. the choice of the reference data weights ; 5. the accuracy of the Ðtting procedure, which is especially important for non-linear Ðts.
Fitting stability (low dependence on the Ðtting procedure) is one of the most important indicators of adequacy ; consistent values of Ðtting coefficients for the expansions with different number of terms provides another important criterion. Also, one could use the scaling laws to check the consistency of the results for one ion with those obtained for other similar systems.
It should be noted that quite di †erent Ðtting formulae may give rather close Ðtting curves, and a signiÐcant change in the Ðtting coefficients of a formula may lead to a much less pronounced changes in the Ðtting curve. Fitting formulae with such a property allow to obtain accurate enough Ðts despite the inaccuracies present in the reference data. However, such functions, being quite applicable in technological problems, are unreliable when the physical mechanisms of the process are to be clariÐed, since the values of the Ðtting coefficients may vary in a broad range and hence reÑect the peculiarities of the Ðtting procedure rather than any physical parameters. This may be another consistency check : a consistent Ðtting formula should allow an unam-biguous determination of the physical quantities, and a consistent reference set would not lead to quite di †erent parameter values when a number of points is omitted.
Neutral neon : the approbation of the technique
This section presents the results of our reassessment of the BELI form for the total cross sections of the single ionisation of Ne by electron impact, accounting for data available today. Since neutron neon is much more suitable for experimenting than its ions, it has been experimentally studied much better, and one might expect the principal features of BELI Ðts to manifest themselves unobscured by the inaccuracy of the reference data.
There has been little theoretical research for total electron-impact ionisation cross sections during the recent years, the main focus being on the Ðne details of partial and di †erential cross sections. Total ionisation cross sections are difficult to evaluate since it requires model accounting for all the relevant mechanisms and reaction channels. As a consequence, the available theoretical results can be considered as boundary values, mostly serving as an aid in Ðl-tering experimental data on the stage of expert evaluation. Also, reference sets with dominating experiment might be considered as more appropriate for technological applications, where the same experimental conditions appear to be reproduced on the industrial scale.
Ionisation cross section for neutral neon has been Ðtted in [Belfast] by the BELI formula with N \ 3 using the data points from the early experiment by Bleakney [4] and more recent experiments by Stephan et al. [5] and Nagy et al. [6] , with a few high-energy points calculated by McGuire [7] . However, the reported Ðtting coefficients (in the units of 10~16 eV2 cm2) :
contain an error which leads to a pronounced nonmonotonicity of the curve (Fig. 1) . ReÐtting the reference data of [Belfast] with the same formula (1) with N \ 3 gives
which is much closer to the reference points.
In this work, we have accounted for the most recent experimental results by Wetzel et al. [8] , Krishnakumar and Srivastava [9] , and Almeida et al. [10] , as well as for the earlier data of Adamczyk et al. [11] , Schram et al. [12] , Gaudin and Hageman [13] , Van Der Wiel et al. [14] , and Shchemelinin and Andreyev [15] . After a careful assessment of the experiment techniques and the errors involved, a reference set has been compiled to contain the most reliable part of the data available. The Ðtting coefficients of the BELI form with N \ 1È6 obtained using the least-square Ðtting procedure with uniform weights are listed in Table I , together with the values of the standard error of the Ðt (p) and the correlation coefficient (o).
The comparison of the BELI approximations with di †er-ent N gives an idea of how accurate BELI Ðts may be and how much parameters one needs to achieve maximum accuracy. The results indicate that the expansion (1) cannot be considered as a true series expansion, but rather as an asymptotic expansion. Naturally, one cannot expect actual convergence of the Ðtting procedure, because of data scatter in the reference set. The optimal number of terms to account for in the BELI expansion should be correlated with the data variance. In practice, one might select the longest expansion without the rapid growth of the coefficients at the higher powers of (1 [ I/E). Thus, the model with N \ 3 seems optimal for the reference set used here, while the model with N \ 6 can hardly be applicable in this case.
Another test of the consistency of the model is to unfreeze the ionisation potential in the formula (1) with a Ðxed value of N. Table II contains the results for N \ 3È5. Since the BELI formula with varying I is highly nonlinear, there may be problems with convergence, up to locking the iteration procedure in the vicinity of another stationary point. To achieve convergence to the proper coefficient set, the initial values of the Ðtting procedure have been set to the Ðtting coefficients obtained for the BELI formula with the Ðxed value of I, with the same N. For a consistent analytical Table I . BEL I expansions of di †erent length (10~16 eV 2 cm2) formula, the results were expected to remain close to the initial values.
Observing the values obtained, one might conclude that the BELI expansion is asymptotically consistent : the corrections introduced by unfreezing the ionisation potential tend to decrease with more expansion terms.
After taking into consideration all the factors listed in the previous section, we would recommend using the BELI formulae with N \ 3 or N \ 5, with the coefficients listed in Table I . The estimated accuracy of approximation is about 12%, which we consider more realistic than the 10% accuracy declared by [Belfast] . Figure 2 displays the recommended curves together with some experimental and theoretical data ; both the points belonging to the reference set and discarded in the Ðtting procedure have been shown in Fig. 2 to give the impression of how the recommended Ðts relate to the whole range of available values.
BELI Ðts for the ions of neon
In this section, we present the reassessed BELI Ðts for the ions from Ne`to Ne9`. Like for neutral neon, the leastsquare procedure with uniform weights has been used. For every ion, we indicate the sources of data included in the respective reference set and the estimated accuracy of the recommended values. In most cases we gave preference to experimental data, using theoretical results mainly for consistency checks.
NeT he recommended Ðts have been suggested by [Belfast] on the basis of the crossed-beam experiments by Dolder et al.
[16], Mueller et al. [17] , and Dieserens et al. [18] , accounting for theoretical results by Moore [19] . We have added a few points from Blaha and Davis [20] , Donets and Ovsyannikov [21] , and Man et al. [22] .
The accuracy of the Ðts with N \ 2È5 is almost the same ; it can be estimated in 14% (vs. 12% as declared in [Belfast] ). Further improvement will require more evidence from experiment. The curve with N \ 3 is shown in Fig. 3 , coefficients in Table III accounted for in [Belfast] . We have used data from Donets and Ovsyannikov [21] and Bannister [26] , and additionally accounted for theoretical calculations by Salop [27] .
The number of data available and their quality do not allow any high-accuracy recommendations. The BELI Ðts (Table IV) with N \ 2 (Fig. 4) and N \ 3 can be equally used ; their estimated accuracy is about 13% (15% in [Belfast]). Higher-N approximations do not signiÐcantly improve the accuracy, while manifesting an unphysical behaviour near the threshold. [24] , and Gregory et al. [28] , as well as the Born calculations of McGuire [29] . We have used the data from Donets and Ovsyannikov [21] and accounted for the values calculated by Salop [27] , Hahn [30] , and McGuire [31] .
The coefficients given by [Belfast] are similar to what we obseved for higher N. The skew to the higher B coefficients does not seem too realistic. We suggest the optimal Ðt with N \ 2 (Fig. 5, Table V Table VI ).
The formula with N \ 2 gives the most stable approximation in this case. The recommended curve is shown in Fig. 6 , the accuracy being within 10%, which is better than 40% in [Belfast].
Ne5T
he recommended Ðt of [Belfast] has been scaled from the O IV curve, since the authors had no experimental or theoretical data on the cross sections of Ne5`. We had the recent experimental data of Bannister [26] and Duponchelle et al. [32] , to be compared with the early results of Donets and Ovsyannikov [21] .
There is insufficient referene set stability due to the discrepancy of the two experiments in the intersection region ; still, the Ðtting curves are very close to each other, and the recommended curve for N \ 2 (Fig. 7 , Table VII) may have the estimated accuracy of 10% (against 60% in [Belfast]).
Ne6È
xtrapolated Coulomb-Born calculations by Jakubowicz and Moores [33] have been used together with the experiment Donets and Ovsyannikov [24] to derive recommended Ðtting coefficients in [Belfast] . We used the data of Jakubowicz and Moores [34] , Donets and Ovsyannikov [21] , as well as the recent experiments by Bannister [26] and Duponchelle et al. [32] . (See Table VIII ).
The accuracy of the recommended Ðts with N \ 3 ( Fig. 8 ) is nearly the same as for the higher N ; it is estimated to 8% (against 20% in [Belfast]). [24] . We used the data of Donets and Ovsyannikov [21] and Defrance et al. [36] instead. The experimental results of Duponchelle et al. [32] and calculations by Jakubowicz and Moores [34] also reveal the autoionisation e †ects reported by Chantrenne et al., and two sets of Ðtting coefficients were to be obtained for the regions below and above the autoionisation threshold.
Despite the rather high discrepancies in available experimental data (possibly due to systematic errors), the BELI Ðts (Table IX) are rather stable, with the estimated accuracy of 6% (40% in Belfast). The Ðt with N \ 2 is presented in Fig. 9 .
Ne8T
he recommended Ðt of [Belfast] has been based mostly on the scaled cross sections, accounting for experiment by Donets and Ovsyannikov [24] and semiempirical calculations by Chandra and Narain [37] . We could add the recent experiment by Duponchelle et al. [32] (Table X) . Fig. 9 . The same as Fig. 2 for Ne7`.
The Ðt with N \ 2 seems the most physical ; the estimated accuracy is 13% (15% in [Belfast] ). The results are shown in Fig. 10. 
Ne9T
he only data available to [Belfast] were those of Donets and Ovsyannikov [24] and distorted-wave calculations by Younger [38] . We could not Ðnd more experimental data, save those published in Donets and Ovsyannikov [21] , but considered the theoretical results and theoretical works by Kunc [39] , Younger [40] and Kao et al. [41] .
The experimental points reported by Donets and Ovsyannikov [21] lie well above all the theoretical points. Though the experiment may be very accurate for this ion, we can observe that theory was not accurate enough either, omitting some ionisation channels that might be important at lower energies. For instance, the gross contribution from the autoionising states should be accounted for in future calculations. Trying to evaluate the BELI Ðtting coefficients for Table X . BEL I coefficients for Ne8`(10~16 eV 2 cm2)
[ Fig. 10 . The same as Fig. 2 for Ne8`.
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theoretical data results in poor convergence, with negative A for higher N. This is why we cannot trust neither recommendation until new experimental data is obtained. A combination of experimental and theoretical data that seems to give a reasonable compromise is drawn in Fig. 11 ; the coefficients listed in Table XI can hardly reÑect any physics. We could estimate its overall accuracy in 12% (to be compared with 20% in [Belfast]).
More Ðtting formulae
The BELI formula is not the only one possible to analytically approximate ionisation cross sections. The semiempirical formulae by Seaton [42] and Lotz [43] can be considered the special cases of the BELI form. Among the most well known expressions suggested in the literature, there are the VriensÏ formula [44] :
and YoungerÏs formula [40] :
The applicability of the latter expression to the cross sections of single ionisation of neon and its ions by electron impact has been recently excessively studied by the Chinese group [45] . In general, to obtain a function with the same asymptotic behaviour as in eq. (1), and satisfying both (2) and (3), one can use any expression of the form
where g(I/E) ] 0 at E ] I and g(I/E) ] B at E ] O. The BELI expansion (1) assumes that f \ 1 and g(I/E) \ Xu(X), with u(X) further expanded in powers of X \ (1 [ I/E). However, one could as well use the expansions in powers of I/E, obtaining the Ðtting formula
which could be considered as an alternative representation of (1). The Ðtted values of the coefficients for neutral neon are listed in Table XII . Just like the BELI expansion, formula (7) is a kind of asymptotic series, and the number of terms to retain will depend on the scatter of the reference data points.
The analysis of the expansion coefficients obtained for the BELI formula suggests the analytical expression
where X \ (1 [ I/E), as before. Expanding function w(X2) in powers of X2 we obtain
For neutral neon we have obtained (A and B in the units of 10~16 eV2 cm2, dimensionless) :
Rather accurate approximations can be constructed using the class of formulae of the form :
with Q(x) ] 1 at x ] O and Q(x) ] 0 at x ] I. Such formulae automatically provide correct asymptotic behaviour at high energies and zero cross section on the threshold. For instance, in the case of neutral neon, the standard error of the formula
with X \ (1 [ I/E) and A \ 761, B \ 191, q 1 \ [2.8, q 2 \ is comparable to that of the BELI Ðts.
4.1,
The above approximations produce curves that exhibit quite similar overall behaviour ; however, the Ðne details may di †er at lower energies. Thus, higher-order polynomials may violate the monotonicity of cross section, and most polynomial formulae give nonmonotonic Ðrst derivative near the threshold. Using essentially nonlinear Ðtting formulae might help to avoid this difficulty (Fig. 12) .
VriensÏ function (4) is an example of nonlinear Ðtting formula for ionisation cross sections. An interesting class of essentially nonlinear approximation formulae is given by functions
of the (9) type. Approximating the reference data with high accuracy, they comply with the asymptotic at the inÐnity but do not vanish at the threshold, which could be used to account for non-zero cross section values below threshold [46] . A much promising 3-parameter analytical expressions that does not contain any polynomials is given by
and
The formulas (13) and (14) provide accurate enough approximations for most ions ; the coefficients of the formula (14) can be found in Table XIII (the Ne9`values derived from experiment only). However, the search for a proper stationary point is rather difficult in this case, since there may be many solutions with quite di †erent values of the Ðtting coefÐcients. Setting the initial values to the A and coefficients B 1 from the BELI Ðts does not always guarantee convergence to some close values of A and B in (13) , and most coefficients thus obtained should not be related to the corresponding physical parameters. The same problem with the physical interpretation of the coefficients obtained arises for the BELI Ðts too, and other approximations, and it may be the matter of reference data consistency.
Among the other non-linear Ðtting formulae, one could mention the theoretically suggested by Rost and Pattard [47] formula for the cross section of electron-impact ionisation of hydrogen-like ions, which has been recently applied to analysing experimental cross sections [48] . However, this formula has not been tested on neon ions yet, and we should not discuss it here in detail.
Nonlinear Ðtting formulae usually require less parameters and the curves obtained are smoother. However, such functions are rarely integrable in the analytical form, so that rates have to be calculated numerically from the cross section Ðts. This is a minor obstacle for the wide usage of nonlinear Ðts in applications, since rates can always be Ðtted separately to special analytical expressions not necessarily related to those for cross sections.
Conclusions
New experimental and theoretical data on the ionisation of neon and its ions by electron impact allow to reassess the earlier analytical approximations and recommend new Ðtting coefficients providing overall accuracy within 10È20% for di †erent ions. However, the behaviour of the curves produced using the standard BELI formulae may be not completely adequate, unphysical inÑections and nonmonotonicity being produced near the threshold due to the polynomial character of the approximation. Though the quality of approximation generally improves with more parameters, the Ðtting curve may experience unphysical oscillations, while the values of the parameters diverge, since the BELI expansion cannot be considered as a convergent series, but rather as an asymptotic expansion.
A number of alternative Ðtting formulae have been considered, some of them ensuring good accuracy for all energies with less parameters. To avoid unphysical behaviour, essentially nonlinear Ðtting formulae might be used, without polynomials in energy.
The amount of experimental and theoretical data available is not enough to ensure the consistency of the reference set for some ions, and hence the high accuracy of the recommended cross sections. Further research may bring new evidence that would help to construct more reliable Ðts.
